International Journal of Heat and Fluid Flow 30 (2009) 229-236

Contents lists available at ScienceDirect

International Journal of Heat and Fluid Flow

T
M

journal homepage: www.elsevier.com/locate/ijhff

Effect of thermal dispersion on free convection in a fluid saturated porous medium
Ibrahim A. Abbas®*, M.F. El-Amin®, Amgad Salama '

2 Mathematics Department, Faculty of Science, Sohag University, Sohag 82524, Egypt
> Mathematics Department, Aswan Faculty of Science, South Valley University, Aswan 81258, Egypt
€ Environmental Engineering Department, Konkuk University, Seoul 143-701, South Korea

ARTICLE INFO ABSTRACT

Article history:

Received 22 February 2008

Received in revised form 13 January 2009
Accepted 16 January 2009

Available online 23 February 2009

The present article considers a numerical study of thermal dispersion effect on the non-Darcy natural
convection over a vertical flat plate in a fluid saturated porous medium. Forchheimer extension is consid-
ered in the flow equations. The coefficient of thermal diffusivity has been assumed to be the sum of
molecular diffusivity and the dispersion thermal diffusivity due to mechanical dispersion. The non-
dimensional governing equations are solved by the finite element method (FEM) with a Newton-Raphson
solver. Numerical results for the details of the stream function, velocity and temperature contours and
profiles as well as heat transfer rates in terms of Nusselt number are obtained. The study shows that
the increase in thermal dispersion coefficient of the porous medium results in more heat energy to dis-
perse away in the normal direction to the wall. This induces more fluid to flow along the wall, enhancing
the heat transfer coefficient particularly near the wall.
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1. Introduction

Transport phenomena in porous media have challenged engi-
neers and researchers for quite a bit of time in trying to adopt
the appropriate framework within which solution may be attained.
The pioneering work of Henri Darcy on this issue opened the road
towards the understanding of the main essence of the subject. That
is, we do not need detailed descriptions of the motion of the fluid
within the pore structure, and even if we are able to get it we
would, for the sake of our engineering applications, integrate the
details to get some useful quantities. It has been realized by the
late seventies of the last century that we may adopt the continuum
hypothesis to transport phenomena in porous media through
upscaling processes. To adopt the continuum approach to phenom-
ena occurring in highly complex and even unknown structure im-
plies that the primary variables of interest or its derivatives that
may suffer of discontinuities at the interface between the fluid
body and the solid grains of the porous media may be replaced
by other variables that are continuous everywhere in the domain.
This would lead us to substantially decrease the number of degrees
of freedom of the system and hence made it amenable to mathe-
matical manipulations. However, to correctly adopt the continuum
hypothesis to transport phenomena in porous media, certain con-
ditions and length scale constraints need to be satisfied. Failing
to satisfy these conditions would result in the inappropriateness
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of the continuum hypothesis and other sophisticated methods
need to be adopted (Salama and Van Geel, 2008).

Yet for all the simplifications that it made, the continuum
hypothesis as applied to transport phenomena in porous media
has confronted some difficulties that entailed the introduction of
some constitutive relationships to account for the apparent differ-
ences between the upscaled and the actual variables. To give an
example, the actual velocity of fluid particles within the pore struc-
tures changes significantly between zero at the interface and dif-
ferent than zero within the pores, whereas within the continuum
hypothesis the upscaled velocity may be constant or at most
changes, comparatively, slowly. This would result in the existence
of additional mass and/or energy fluxes. It has thus been hypothe-
sized that these additional fluxes may be accounted for by adding
terms to their respective flux terms that may be assumed to de-
pend on the upscaled velocity. Thus, in terms of solute transport,
the usual diffusion mechanism has been augmented by another
mechanism that is called mass dispersion term which depends
on the upscaled velocity. Likewise, energy transport (like heat
transport) in porous media required the addition of a thermal dis-
persion mechanism to the usual thermal diffusion mechanism.

In this study, we consider the effect of thermal dispersion
mechanism on the development of the thermally-driven convec-
tion boundary layer flow in porous media. This subject is of consid-
erable interest in a variety of engineering applications including
geothermal energy technology, petroleum recovery, filtration pro-
cesses, packed bed reactors and underground disposal of chemical
and nuclear waste.

Similarity solution for the Darcian regime with no dispersion
has been presented by Cheng and Minkowycz (1977). The
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Nomenclature

A constant

C empirical constant

d pore diameter

g gravitational constant

K permeability of the porous medium

kq dispersion thermal conductivity

ke effective thermal conductivity

Nuy local Nusselt number

p pressure

q local heat flux

Ra Rayleigh number

T temperature

T non-dimensional temperature

uv velocity components in the X and ¥y directions

u,v non-dimensional velocity components in the x and y
directions

X,y Cartesian coordinates

y non-dimensional Cartesian coordinates
0 fluid density
u viscosity
Y fluid kinematic viscosity
o molecular thermal diffusivity
o dispersion diffusivity

Oy 0Ly thermal diffusion coefficients in x and y directions
respectively

B thermal expansion coefficient

Y mechanical dispersion coefficient

] dimensional stream function

Subscripts

w evaluated on the wall

00 evaluated at the outer edge of the boundary layer

dependence of heat dispersion on the upscaled velocity has been
proposed by several investigators to be linear (e.g., Fried and Com-
barnous (1976), Georgiadis and Catton (1988), Cheng (1981) and
Plumb (1983)). On the other hand, an analysis of the effect of ther-
mal dispersion on vertical plate natural convection in porous med-
ia is presented by Hong and Tien (1987). Lai and Kulacki (1989)
investigated the effect of thermal dispersion on the non-Darcy con-
vection from a horizontal surface submerged in saturated porous
media. The effects of thermal dispersion and lateral mass flux on
non-Darcy natural convection over a vertical flat plate in a fluid
saturated porous medium were studied by Murthy and Singh
(1997). Mansour and El-Amin (1999) studied the effects of thermal
dispersion on non-Darcy axisymmetric free convection in a satu-
rated porous medium with lateral mass transfer. EI-Amin (2004)
investigated the effects of double dispersion on natural convection
heat and mass transfer in non-Darcy porous medium. The problem
of thermal dispersion effects on non-Darcy axisymmetric free con-
vection in a power-law fluid saturated porous medium was studied
by El-Amin (2005).

The present investigation is devoted to study the effect of ther-
mal dispersion on Forchheimer natural convection over a vertical
flat plate in a fluid saturated porous medium. The coefficient of
thermal diffusivity is assumed to be the sum of molecular diffusiv-
ity and the dispersion thermal diffusivity due to mechanical dis-
persion. The wall temperature distribution is assumed to be
uniform. The non-dimensional equations are solved using the FEM.

2. Analysis

Let us consider the non-Darcy natural convection flow and heat
transfer over a semi infinite vertical surface in a fluid saturated
porous medium, Fig. 1. The governing equations for this problem
are given by
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where g? = 12 + 77 along with the boundary conditions
y=0:2=0, T, = const.

T_T. (6)
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where @ [L/T] and 7 [L/T] are the velocity components in thexand y -
directions, respectively, (p, Cp), is the product of density [M/L3] and
specific heat of the fluid [L?/KT?], p is the pressure [M/LT?], T is the
temperature [K], K [L2] is the permeability constant, C is an empirical
constant, dimensionless, f is the thermal expansion coefficient [1/K],
s the viscosity of the fluid [M/LT], g is the acceleration due to grav-
ity [L/T?], oz and oy are the components of the thermal diffusivity in x
and y directions respectively [L?/T]. The normal component of the
velocity near the boundary is considered small compared with the
vertical component and the derivatives of any quantity in the nor-
mal direction to the wall are large compared with derivatives of
the quantity in the direction of the wall (i.e., the vertical direction).
Under these assumptions Egs. (1)-(5) become:
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Fig. 1. Physical model and coordinate system.
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The quantity o is variable and is defined as the sum of molecular
thermal diffusivity o and dispersion thermal diffusivity «,. Following
Plumb (1983), we assume the dispersion thermal diffusivity as to lin-
early change with the upscaled velocity such that, oy = y|tu|d, where y

Table 1

Grid independent test (Rqq = 10, y = 0.5, Fo= 0.5, x =10, y = 10).

Mesh size V] T

10 x 10 1.181790E+001 1.507303E-001
20 x 20 1.234669E+001 2.080401E—001
30 x 30 1.251212E+001 2.240477E-001
40 x 40 1.259287E+001 2.318501E-001
50 x 50 1.264069E+001 2.364608E—001
60 x 60 1.267229E+001 2.395064E—001
70 x 70 1.269473E+001 2.416684E—-001

5
6/

is the mechanical dispersion coefficient whose value depends on the
structure of the porous media and d is the pore diameter.

Invoking the Boussinesq approximations, by substituting Eq. (5)
into Eq. (9), and with some mathematical manipulations, the pres-
sure term can be eliminated and the velocity components u and »
can be written in terms of stream function  as: T = 9//9y and
7 = —0y /0%, we obtain:
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Introducing the non-dimensional transformations:
y=y/dx=%/dy=y/o,T=(T~-T.)/(Tw—Tx) (13)
The problem statement then becomes:
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Fig. 2. (a) Temperature contours for various values of Ra at Fo = 0.5 and y = 0.3. (b) Temperature profiles for various values of Ra with Fo = 0.5 and y = 0.3 at x = 10. (c) Stream
function contours as a function of y for various values of Ra at Fy = 0.5 and 7y = 0.3. (d) Stream function profiles as a function of y for various values of Ra at Fy = 0.5 and 7y = 0.3.
(e) Velocity contours for various values of Ra with Fy=0.5 and y = 0.3 at x = 10. (f) Velocity profiles for various values of Ra with Fy=0.5 and y=0.3 at x = 10. (g) Nusselt

number as a function of x for various values of Ra with Fo=0.5 and y = 0.3.
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Along with the boundary conditions
y=0:0y/0x=0, T=1, y—o0o:04/0y=0, T=0 (16)

where the parameter Fy = Cv/Ko/vd represents the structural and
thermophysical properties of the porous medium, and
Ra = Kgp(T,, — T,,)d/ov is the pore diameter dependent Rayleigh
number which describes the relative intensity of the buoyancy
force, and d is the pore diameter.

It is noteworthy that Fo = 0 corresponds to the Darcian free con-
vection regime and 7y =0 represents the case where the thermal
dispersion effect is neglected.

Because the dimensionless equations do not depend on the Pra-
ndtl number, the equations are valid for any kind of fluid.

The local heat transfer rate at the wall which is the primary
interest of the study is given by:

aT aT
Qy = —kea—y =—(k+ kd)a—y (17)

-0

j=0
where k. [ML/T>K] is the effective thermal conductivity of the
porous medium which is the sum of the molecular thermal conduc-
tivity k and the dispersion thermal conductivity k.

Together with the definition of the local Nusselt number:
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One can write
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3. Method of solution

In order to solve the non-dimensional governing momentum
and energy Egs. (14) and (15) using the finite element method
(FEM), the weak formulations of these equations are derived. It is
convenient to prescribe the set of independent test functions to
consist of the stream function y and the temperature T. To obtain
the weak formulation, the governing equations are multiplied by
independent weighting functions and then are integrated over
the spatial domain with the boundary. Applying integration by
parts and making use of the divergence theorem reduces the order
of the spatial derivatives and allows for the application of the
boundary conditions using the well known Galerkin procedure.
This procedure has been implemented using Matlab software.

4. Results and discussion

To gain physical insight, the system of partial differential Eqs.
(14) and (15) along with the boundary conditions (16), are solved
by finite element method as explained above. Numerical computa-
tions are carried out for 1 <Ra <30, 0< Fy; <2 and y=0.0,0.1,

Fig. 2 (continued)
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0.3.. Table 1 presents an analysis of grid effects. The grid size has
been refined until the values of i/ and T stabilize. Further refine-
ment of mesh size over 70 x 70 elements does not change the val-
ues considerably. Thus, elements with x =y = 10/70 were used for
this study.

4.1. Effects of Rayleigh number

In Fig. 2a, temperature contours for various values of Ra are
plotted. From this figure, it can be seen that the thermal boundary
layer thickness is reduced as Ra increases. Rayleigh number de-
scribes the relative intensity of buoyancy forces. Thus when Ra in-
creases the relative intensity of the buoyancy force increases,
consequently, the thickness of the thermal boundary layer is re-
duced. That is the buoyancy induced upward flow adjacent to the
vertical plate increases as the Ra increases and is, hence, capable
of transporting more heat energy from the wall resulting in a
reduction in thermal boundary layer thickness. In other words,
heat energy does not have enough time to build up the tempera-
ture normal to the vertical wall. This is further illustrated in

Fig. 2b which shows the temperature distribution at x = 10 for var-
ies values of Ra, with the same set of parameters set constant, as a
function of the boundary layer thickness. It is notable that as Ra in-
creases the temperature distribution normal to the wall decreases
and confines towards the wall indicating a reduction in thermal
boundary layer thickness.

Fig. 2c shows the contours of the stream function for various
values of Ra with the following parameters set constant as:
Fo=0.5 and y =0.3. It is observed from this figure that the stream
functions, which are related to the volume flow rate per unit thick-
ness, increases as Ra increases. That is more flow is induced to-
wards the wall with the increase in Ra as explained earlier. This
is also supported by looking at Fig. 2d that describes stream func-
tion distribution for varies values of Ra for the same set of param-
eters as a function of the boundary layer thickness (cross section at
x=10). One notes that as Ra increases the stream function
increases.

Fig. 2e shows the contours of the vertical velocity field for varies
values of Ra at Fp = 0.5 and y = 0.3, in which one can notice that the
velocity of the fluid adjacent to the wall increases with the increase
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Fig. 3. (a) Temperature contours for various values of Fy at Ra =10 and y = 0.3. (b) Temperature profiles for various values of Fy at Ra=10 and y = 0.3 at x = 10. (c) Stream
function contours for various values of Fy at Ra = 10 and y = 0.3. (d) Stream function profiles for various values of Fy at Ra =10 and 7y = 0.3 at x = 10. (e) Velocity contours for
various values of Fy at Ra = 10 and y = 0.3. (f) Velocity profiles for various values of Fy at Ra =10 and y = 0.3 at x = 10. (g) Nusselt number as a function of x for various values of

FoatRa=10and y=0.3.
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in Ra. This may be attributed to the fact that when Ra increases the
relative intensity of the buoyancy force increases, consequently,
more flow is induced to move upwards and hence the velocity of
the fluid increases. On the other hand viscous boundary layer does
not seem to significantly be affected by the increase in Ra in the
range studied. Fig. 2f illustrates the upward velocity distribution
for varies values of Ra for the same set of parameters as a function
of the boundary layer thickness (cross section at x = 10). It is noted
from this figure that as Ra increases the velocity increases. On the
other hand, this figure also shows that at Ra equals 30, the velocity
distribution seems to be falling a bit faster at the edge of the
boundary layer than those at lower values of Ra. This is believed
to be due to the fact that as Ra increases and consequently the
velocity increases, the boundary layer had less time to grow.

In Fig. 2g, heat transfer rates in terms of Nusselt number for dif-
ferent values of Ra and with Fy = 0.5 is plotted as a function of x. It
is obvious that, an increase in the values of the Ra enhances the
heat transfer rate, especially when x is small, i.e. at the beginning
of the construction of the boundary layer, and it drops as x
increases.

4.2. Effects of the non-Darcy parameter Fy

The non-Darcy parameter, Fy, illustrates the relative importance
of the nonlinear drag due to the higher velocities of the fluid in por-
ous media. Thus Fo = 0 implies Darcy regime. Fig. 3a indicates that
with the increase in the value of the parameter F, the thickness of
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the thermal boundary layer also increases. This may be due to the
decrease in the induced velocity by the effect of the nonlinear drag
and hence the thermal boundary layer had enough time to develop.
Fig. 3b which shows the temperature distribution for varies values
of Fy as a function of the boundary layer thickness (cross section at
x =10) also suggests the same conclusion.

Contours of the stream function for various values of Fy are plot-
ted in Fig. 3c. It is noteworthy that the stream function decreases
as Fp increases. Fig. 3d illustrates the stream function profiles for
varies values of Fy as a function of the boundary layer thickness
(cross section at x = 10). Also, this figure reports the same fact.

Velocity contours for various values of Fy are shown in Fig. 3e. It
is clear that the momentum boundary layer thickness relatively in-
creases as Fyp increases. Fig. 3f illustrates the velocity profiles for
varies values of Fy as a function of the boundary layer thickness
(cross section at x=10). One can note that as Fy increases the
velocity decreases. This figure also shows that the thickness of
the momentum boundary layer increases with the decrease in
the non-Darcy parameter.

Fig. 3g shows the variation of the heat transfer rate in terms of
Nusselt number with Fy as a function of x. It can be seen that, an
increase in the values of Fy reduces the heat transfer rate.

4.3. Effect of thermal dispersion coefficient

In Fig. 4a, the temperature contours for various values of y are
plotted. One can see that the increase in the mechanical dispersion
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Fig. 3 (continued)
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Fig. 4. (a) Temperature contours for various values of y at F, = 0.5 and Ra = 10. (b) Temperature profiles for various values of y with F, = 0.5 and Ra = 10 at x = 10. (c) Stream
function contours for various values of y at Fo = 0.5 and Ra = 10. (d) Stream function profiles for various values of y with Fp = 0.5 and Ra = 10 at x = 10. (e) Velocity contours for
various values of y at Fo = 0.5 and Ra = 10. (f) Velocity profiles for various values of y with Fp = 0.5 and Ra = 10 at x = 10. (g) Nusselt number as a function of x for various values

of y with Fp=0.5 and Ra = 10.

coefficient increases the thermal boundary layer thickness. That is
thermal dispersion enhances the transport of heat along the nor-
mal direction to the wall as compared with the case where disper-
sion is neglected (i.e. y=0). Fig. 4b illustrates the temperature
profiles for varies values of y as a function of boundary layer thick-
ness at x = 10.

Contours of stream function with different values of the param-
eter y are presented in Fig. 4c. It is obvious that the stream function
increases as 7y increases. In Fig. 4d, stream function profiles for var-
ies values of y as a function of (boundary layer thickness at x = 10).
The stream function slightly increases as the dispersion parameter
increases.

Contours of velocity for different values of the dispersion
parameter are illustrated in Fig. 4e. It is notable from this
figure that as 7 increases the momentum boundary layer
thickness increases. Fig. 4f shows the velocity profiles for var-
ies values of y as a function of (boundary layer thickness at
x=10).

Nusselt number as a function of x for various values of y is plot-
ted in Fig. 4g. From this figure, it can be seen that the increase in
the parameter 7 slightly enhances the heat transfer rates.

5. Conclusions

The boundary layer approximations have been used to study
the effects of thermal dispersion on heat transfer rates from an iso-
thermal heated semi infinite vertical wall immersed in a saturated
porous media. Thermal dispersion has shown to enhance the trans-
port of heat energy along the normal direction to the wall. More-
over, the effect of the non-Darcy parameter which describes the
relative intensity of the nonlinear drag when the Reynolds number
becomes higher has also been investigated. It was shown that the
increase in nonlinear drag coefficient reduces the velocity and
hence increases both the hydrodynamic and the thermal boundary
layer thicknesses.
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Fig. 4 (continued)

In general, this work may be useful in showing that, the use of
porous media with better heat dispersion properties may result in
better heat transfer characteristics that may be required in many
industrial applications (like those concerned with packed bed reac-
tors, nuclear waste disposal, etc.).
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